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Abstract. A quadrilateral element with smoothed curvatures for Reissner-Mindlin struc-
ture plates is proposed. A curvature matrix at an a rbitrary point is normalized by a 
non-local approximation over a smoothing function . By choosing a constant smoothed 
function and applying the divergence theorem, the bending stiffness matrix calcu lated on 
boundaries of smoothing elements (smoothing cells) instead of on their interior. Several 
numerical results are analyzed to demonstrate high reliability and free locking of the 
proposed method. 
1. INTRODUCTION 
The plate structure has been played a significant important role in the application 
to engineering analysis. The study of its behaviour has been for long time and the plate 
bending in which it contains complex problems still continuous to be discussed by engineers 
and scientists. In the theory of plates there are two different cases of plates that are the 
Kirchhoff and the Reissner - Mindlin plate. In the intuitive answer, engineers normally 
will choose t he Reissner - Mindlin plate as being to use t he conforming C0 ·- elements for 
approximations. An advantage of the Reissner -:tvlindlin model over the biharmonic plate 
model is that the energy involves only first derivatives of the unknowns and so conforming 
finite element approximations require the use of c0 - class element instead of t he required 
C 1 - element for the biharmonic model. As shown in the literatures, the numerical analysis 
of the Reissner - Mindlin theory has to use a specia l care in order to avoid t he so-called 
shear locking phenomenon due to the limit of the small thickness. The development of 
general procedures to overcome th is drawback is an active research area. As the t hickness 
tends to zero, the Krichhoff constraint appears in the Reissner - Mindlin model and locking 
phenomenon is frequently met if low-order elements are employed. There are many ways 
to overcome shear locking phenomenon and stabili ty such as a reduced integration or a 
selective reduced integration, see Reference [1], on other terms of t he strain energy. For 
an example with a four-node quadrilateral element , the 2 x 2 Gauss point integration is 
considered for the bending strain energy and the 1 x 1 Gauss point integration is used for 
the shear strain energy. Concerning on this research topic, a lot of publications has found 
in the literatures [2 , 3]. 
Considering a general quadrilateral plate element, a start of work is to interpolate 
the deflection and the two rotations of four-nodal element . An approach used collocation 
constrain of shear approximation on boundary element then was proposed by Bathe et al. 
[5] for bilinear plate element. Here the discretized fields consist of the later displacement , 
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t h e  r o t a t i o n s  a n d  s h e a r  s t r a i n .  W h i l e  t h e  d e f l e c t i o n  a n d  t h e  r o t a t i o n s  c o n t i n u o u s  e m p l o y i n g  
c
0  
- a p p r o x i m a t i o n ,  t h e  s h e a r  s t r a i n  i s  i n t e r p o l a t e d  b y  p o i n t s  o n  t h e  e d g e s  o f  e l e m e n t .  
T h i s  m e t h o d  g i v e  a  g o o d  r e s u l t  a n d  f r e e  l o c k i n g .  I t  i s  k n o w n  a s  M I T C 4  o r  B a t h e - D v o r k i n  
e l e m e n t  [ 5 ] .  M a n y  v e r s i o n s  t h e n  h a v e  b e e n  d e v e l o p i n g  t h i s  m e t h o d  f o r  t h e  h i g h  d e g r e e  o f  
a p p r o x i m a t e  f i e l d s ,  s e e  e . g  t h e  t e x t b o o k  [ 3 ] .  
T o  r e s o l v e  s h e a r  l o c k i n g  i n  m e s h - f r e e  m e t h o d s  f o r  t h e  R e i s s n e r  - M i n d l i n  m o d e l ,  a  
s t a b i l i z e d  c o n f o r m i n g  n o d a l  i n t e g r a t i o n  ( S C N I )  h a s  b e e n  p r o p o s e d  a s  a  n o r m a l i z a t i o n  f o r  
n o d a l  i n t e g r a t i o n  [ 8 ,  9 ]  o f  m e s h f r e e  G a l e r k i n  w e a k  f o r m .  I n  t h i s  a p p r o a c h ,  t h e  s t r a i n  
s m o o t h i n g  s t a b i l i z a t i o n  h a s  b e e n  i n t r o d u c e d  i n  S C N I  t o  m e e t  i n t e g r a t i o n  c o n s t r a i n t s  a n d  
t h u s  f u l f i l l s  t h e  l i n e a r  e x a c t n e s s  i n  t h e  G a l e r k i n  a p p r o x i m a t i o n  o f  t h e  s e c o n d  o r d e r  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n s .  T h e n  W a n g  a n d  C h e n  ( 2 0 0 4 )  [ 4 ]  a l s o  h a v e  s h o w n  t h a t  t h e  c a u s e  o f  
s h e a r  l o c k i n g  i n  M i n d l i n  - R e i s s u e r  p l a t e  f o r m u l a t i o n  i s  d u e  t o  i n a b i l i t y  i n  t h e  a p p r o x i m a -
t i o n  f u n c t i o n s  t o  r e p r o d u c e  K i r c h h o f f  m o d e ,  a n d  t h e  i n c a p a b i l i t y  o f  t h e  n u m e r i c a l  m e t h o d  
t o  a c h i e v e  p u r e  b e n d i n g  e x a c t n e s s  ( B E )  i n  t h e  G a l e r k i n  a p p r o x i m a t i o n .  I n  t h i s  p a p e r ,  a  
c u r v a t u r e  s m o o t h i n g  m e t h o d  (  C S M )  i s  p r o p o s e d  t o  n o r m a l i z e  s t r a i n  f i e l d s .  
I n  t h e  m e s h - f r e e  m e t h o d s  u s i n g  s t a b i l i z e d  n o d a l  i n t e g r a t i o n ,  t h e  e n t i r e  d o m a i n  i s  
d i s c r e t i z e d  i n t o  c e l l s  d e f i n e d  b y  t h e  f i e l d  n o d e s ,  s u c h  a s  t h e  c e J J s  o f  a  V o r o n o i  d i a g r a m  
[ 8 ,  9 ] .  I n t e g r a t i o n  i s  p e r f o r m e d  a l o n g  t h e  e d g e s  o f  e a c h  c e l l .  A l t h o u g h  m e s h f r e e  m e t h o d s  
o b t a i n  g o o d  a c c u r a c y  a n d  h i g h  c o n v e r g e n c e  r a t e ,  t h e  n o n  - p o l y n o m i a l  o r  u s u a l l y  c o m p l e x  
a p p r o x i m a t i o n  s p a c e  i n c r e a s e s  t h e  c o m p u t a t i o n a l  c o s t  o f  n u m e r i c a l  i n t e g r a t i o n .  R e c e n t l y ,  
a p p l i c a t i o n s  o f  t h e  S C N I  t o  t h e  F E M  h a d  b e e n  d e v e l o p e d  b y  a u t h o r s  s u c h  a s  L i u  e t  a l .  [ 6 ] ,  
N g u y e n  e t  a l .  [ 7 ]  f o r  2 D  p r o b l e m s .  I t  s h o w n  t h a t  t h e  F E M  w i t h  s m o o t h e d  t e c h n i q u e s  g i v e s  
s t a b i l i z e d  r e s u l t s  a n d  h i g h  a c c u r a c y .  
T h e  a i m  o f  t h i s  p a p e r  i s  t o  e x t e n d  t h e  a p p l i c a t i o n  o f  t h e  S C N I  t o  t h e  F E M  f o r  p l a t e s .  
A  c u r v a t u r e  s m o o t h i n g  t e c h n i q u e  i s  u t i l i z e d  t o  c o m p u t e  t h e  b e n d i n g  s t r a i n s .  T h e  s h e a r  
s t r a i n s  i s  a p p r o x i m a t e d  b y  a n  i n d e p e n d e n t  i n t e r p o l a t i o n  f i e l d s  i n  t h e  n a t u r a l  c o  - o r d i n a t e  
s y s t e m .  A  n e w  e l e m e n t  t h a t  o v e r c o m e s  t h e  s h e a r  l o c k i n g  i s  p r o p o s e d .  
T h e  o u t l i n e  o f  t h e  p a p e r  i s  o r g a n i z e d  a s  f o l l o w s .  I n  t h e  n e x t  s e c t i o n  w e  p r e s e n t  t h e  
b a s i c  e q u a t i o n s  o f  p l a t e  p r o b l e m  a n d  w e a k  f o r m .  T h e  c u r v a t u r e  s m o o t h i n g  s t a b i l i z a t i o n  
a n d  t h e  f i n i t e  e l e m e n t  d i s c r e t i z a t i o n  u s i n g  t h e  C S M  a r e  i n t r o d u c e d  i n  s e c t i o n  3 .  S e v e r a l  
n u m e r i c a l  e x a m p l e s  a r e  g i v e n  i n  S e c t i o n  4 .  F i n a l l y ,  S e c t i o n  5  c l o s e s  s o m e  c o n c l u s i o n s  a n d  
f u r t h e r  w o r k s .  
2 .  G O V E R N I N G  E Q U A T I O N S  A N D  W E A K  F O R M  
L e t  D  b e  t h e  r e g i o n  i n  R
2  
o c c u p i e d  b y  t h e  m i d d l e  p l a n e  o f  t h e  p l a t e .  w  a n d  f 3  =  
( f 3 x ,  { 3 y ) T  d e n o t e  t h e  t r a n s v e r s e  d i s p l a c e m e n t  a n d  t h e  r o t a t i o n s  i n  t h e  x - z  a n d  y - z  p l a n e s ,  
s e e  F i g .  1 ,  r e s p e c t i v e l y .  F o r  s i m p l i c i t y ,  w e  w i l l  c o n s i d e r  p r o b l e m s  w i t h  t h e  h a r d  c l a m p e d  
b o u n d a r y  c o n d i t i o n s .  H o w e v e r ,  i t  c a n  d o  w e l l  f o r  s e v e r a l  o t h e r  b o u n d a r y  c o n d i t i o n s .  
A s s u m i n g  t h a t  t h e  m a t e r i a l  i s  h o m o g e n e o u s  a n d  i s o t r o p i c  w i t h  Y o u n g ' s  m o d u l u s  E  a n d  
P o i s s o n  r a t i o  v ,  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  o f  R e i s s n e r - M i n d l i n  p l a t e  a r e  o f  t h e  
f o r m ,  
- d i v C b K . ( / 3 )  - > . . t " t ( / 3 )  =  0  i n  D ,  
- ) d d i v ( ' Y )  =  p  i n  D ,  
w  =  w ,  f 3  =  f 3  o n  r  =  a n ,  
( 2 . 1 )  
( 2 . 2 )  
( 2 . 3 )  
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where t is the plate thickness, p = p(x, y) is t lie transverse loading per unit area, ,\ = 
kE k = ~ is the shear correction factor and Cb is the tensor of bending moduli, "' 
2(1 + v)' 6 
and 'Y are the bending and shear strains, respectively, defined by 
"' = 
8 f3x 
- ~}Jy 
8y 
8 f3x _ 8(3y 
8y ax 
[ 
ow 1 - +f3x 
' 'Y = &t; - . 
8 
(3y 
y 
(2.4) 
The Equations (2.1) - (2.3) correspond to the minimization of the total potential 
function 
II = - Cb : "" : n,dD. + - c s : / : 1dD. - wpdD.. 11 lj' j' 
2 0 2 0 0 
(2.5) 
© 
Fig. 1. Assumption of shear deformations for quadrilateral plate element 
Assumed that the bounded domain n is discretized into ne finite elements, n :::::::: n1i = 
ne 
:z::= 0,e . The finite element solution uh = [w f3x (Jy]T of a displacement model for Reissner-
e=l 
Mindlin plate is expressed as follows 
uh= t [ ~i 
i=l 0 
ioi l q ;, 
Ni 
0 (2.6) 
0 
where np is total the number of element nodes, the Ni's are the bilinear shape interpolation 
functions associated to node i, the qi = [wi Bxi Byi]T are the nodal degrees of freedom of 
the variables uh = [w f3x (3y]T associated to node i. Then, the discrete curvature field is 
(2 .7) 
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w h e r e  B b  d e f i n e d  b e l o w  i s  t h e  c u r v a t u r e  t o  n o d a l  d i s p l a c e m e n t  m a t r i x .  T h e  a p p r o x i m a t i o n  
o f  s h e a r  s t r a i n  i s  w r i t t e n  b y  
- - . /  =  B s q ,  
( 2 . 8 )  
w h e r e  
B i  =  [  N i , x  0  N i  ]  .  (
2
.
9
)  
N i , y  - N i  0  
B y  s u b s t i t u t i n g  E q .  ( 2 . 6 )  - E q .  ( 2 . 8 )  i n t o  E q .  ( 2 . 5 )  a n d  m i n i m i z a t i o n ,  w e  o b t a i n  a  l i n e a r  
s y s t e m  o f  a n  i n d i v i d u a l  e l e m e n t  f o r  t h e  v e c t o r  o f  n o d a l  u n k n o w n s  q ,  
K q = g ,  
w i t h  t h e  e l e m e n t  s t i f f n e s s  m a t r i x  g i v e n  b y  
K  =  (  ( B b f  C b B b d D  +  (  ( B
8
f  C
8
B
8
d 0  
J o e  J o e  
a n d  t h e  l o a d  v e c t o r  b y  
w h e r e  
C b =  E t 3  
1 2 ( 1  - z ; 2 )  
g ,  ~ f n ,  N ;  [  ~ l  d C T ,  
[  
1  l J  
l J  1  
0  0  
0  
0  
1  - l J  
2  
l  
c s  _  E t k  [  1  O  ]  
2 ( 1 + v )  0  1  ·  
( 2 . 1 0 )  
( 2 . 1 1 )  
( 2 . 1 2 )  
( 2 . 1 3 )  
T h e  e l e m e n t  s t i f f n e s s  m a t r i x  K  i s  s y m m e t r i c ,  p o s i t i v e  d e f i n i t e .  U s i n g  a  l o w - o r d e r  e l e m e n t  
a s  n p  i s  e q u a l  t o  f o u r ,  t h e  e l e m e n t s  a r e  l o c k e d  i n  t h e  l i m i t a t i o n  o f  t h i n  p l a t e .  T h e r e f o r e ,  
t h e r e  a r e  v a r i o u s  a p p r o a c h e s  f o r  e l i m i n a t i n g  l o c k i n g  f o u n d  i n  t h e  l i t e r a t u r e s  [ 2 ,  3 ] .  T h e  
a i m  o f  t h i s  p a p e r  i s  t o  p r o p o s e  a  s t a b i l i z e d  i n t e g r a t i o n  f o r  a  q u a d r i l a t e r a l  p l a t e  e l e m e n t  
s u c h  a s :  ( 1 )  a p p l y  t h e  c u r v a t u r e  s m o o t h i n g  m e t h o d  t h a t  i s  o r i g i n a t e d  w i t h  a  m e s h - f r e e  
s t a b i l i z e d  c o n f o r m i n g  n o d a l  i n t e g r a t i o n  [ 4 ]  t o  t h e  f i r s t  t e r m  o f  E q .  ( 2 . 1 1 ) ;  ( 2 )  a p p r o x i m a t e  
t h e  s h e a r  s t r a i n s  w i t h  i n d e p e n d e n t  i n t e r p o l a t i o n  f u n c t i o n s  ( n a m e l y  t h e  M I T C 4  [ 5 ] )  i n t o  
t h e  s e c o n d  t e r m .  
B y  a s s o c i a t i n g  t h e  c o n v e n t i o n a l  F E M  a n d  t h e  C S M  d e v e l o p e d  f o r  m e s h - f r e e  n o d a l  
i n t e g r a t i o n ,  t h e  p r e s e n t e d  m e t h o d  f o r  p l a t e s  i s  t h e  i d e a  b e i n g  a s  f o l l o w s :  (  1 )  e l e m e n t s  
a r e  p r e s e n t ,  a s  i n  t h e  F E M ,  b u t  s m o o t h i n g  c e l l s  i s  c o n s i d e r e d  b y  p a r t i t i o n i n g  e l e m e n t  
i n t o  m a n y  s u b - c e l l s  ( 2 )  i n t e g r a t i o n  i s  c a r r i e d  o u t  e i t h e r  o n  t h e  e l e m e n t s  t h e m s e l v e s ,  o r  
o v e r  s m o o t h i n g  c e l l s ,  f o r m i n g  a  p a r t i t i o n  o f  t h e  e l e m e n t s  ( 3 )  a p p l y i n g  t h e  C S M  o n  e a c h  
s m o o t h i n g  c e l l  t o  n o r m a l i z e  l o c a l  c u r v a t u r e  a n d  c a l c u l a t e  t h e  b e n d i n g  s t i f f n e s s  m a t r i x  (  4 )  
a p p r o x i m a t i n g  t h e  s h e a r  s t r a i n s  w i t h  i n d e p e n d e n t  i n t e r p o l a t i o n  f u n c t i o n s  ( m i x e d  i n t e r p o -
l a t e d  t e n s o r i a l  c o m p o n e n t s )  p r o p o s e d  b y  B a t h e  e t  a l .  [ 5 ]  a n d  t h e n  c o m p u t e  t h e  s h e a r i n g  
s t i f f n e s s  m a t r i x .  
3 .  T H E  C U R V A T U R E  S l \ 1 0 0 T H I N G  M E T H O D  
T h e  C S M  w a s  p r o p o s e d  b y  W a n g  e t  a l .  [ 4 ]  a s  t h e  n o r m a l i z a t i o n  o f  l o c a l  c u r v a t u r e .  A  
c u r v a t u r e  s m o o t h i n g  s t a b i l i z a t i o n  i s  c r e a t e d  t o  c o m p u t e  n o d a l  c u r v a t u r e  b y  a  d i v e r g e n c e  
e s t i m a t i o n  o f  a  s p a t i a l  a v e r a g i n g  o f  c u r v a t u r e  f i e l d s .  T h i s  c u r v a t u r e  s m o o t h i n g  a v o i d s  
e v a l u a t i n g  d e r i v a t i v e s  o f  m e s h - f r e e  s h a p e  f u n c t i o n s  a t  n o d e s  a n d  t h u s  e l i m i n a t e s  d e f l e c t i v e  
. A  
. . ,  
)  
l  
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modes. The motivation of this work is to develop the curvature smoothing approach for 
plate structures in the FEM. A curvature smoothing at an arbitrary point is modified in 
this paper by 
(3.1) 
where <I> is a smoothing function that generally satisfies the following properties [4, 9] 
<I> 2: 0 and { <I>dO = 1. (3.2) lo.h 
For simplicity, <I> is assumed to be a step function defined by 
..n ( _ ) _ { 1 I Ac, x E Oc 
'*' x xc - 0, x rt Oc , (3.3) 
where Ac is the area of the smoothing cell, Oc c oe c Oh, as shown in Fig. 2. 
Smoothing cells ( I to 4 quadnlatcrals) 
Support do~n of nod~ -~- - - · · · -·· · ·-· · -··· -· · · -· · -----_ . ·-
~// 7 6 ' 
. 
9 
'"'--- .. ___ ; -- Element 
Fig. 2. Example of finite element meshes and smoothing cells 
Substituting Eq. (3 .3) into Eq. (3.1), and applying the divergence theorem, we obtain 
_ h 1 J ( ae? aej ) 1 J h 1i ) 
"'-dxc) = -- -- + - dO = -- (Bi nj + Bjni df. 1 2Ac D.c OXj OXi 2Ac re (3.4) 
nb 
Next, we consider an arbitrary smoothing cell, De with boundary fc = LJ r~, where r~ 
b=l 
is the boundary segments of Oc, and nb is the total number of edges of each smoothing 
cell. The relationship between the smoothed curvature field and the nodal displacement 
is written 
(3.5) 
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T h e  s m o o t h e d  e l e m e n t  c u r v a t u r e  s t i f f n e s s  m a t r i x  i s  o b t a i n e d  b y  t h e  f o l l o w i n g  f o r m  
I ( b  =  f  ( B b f c b J 3 b d D  =  f  ( B b f ( x c ) C b J 3 b ( x c ) A c ,  ( 3 . 6 )  
J n e  C = l  
w h e r e  n c  i s  n u m b e r  o f  s m o o t h i n g  c e l l s  o f  t h e  e l e m e n t ,  s e e  F i g .  3 .  
H e r e ,  t h e  i n t e g r a n d s  a r e  c o n s t a n t  o v e r  e a c h  D e  a n d  t h e  n o n - l o c a l  c u r v a t u r e  d i s p l a c e m e n t  
m a t r i x  r e a d s  
l  {  (  0  0  N i n x  )  
B f  ( x c )  =  A c  J r  0  - N i n y  0  d f .  
f ' c  0  - N i n x  N i n y  
( 3 . 7 )  
F r o m  E q .  ( 3 . 7 ) ,  w e  c a n  u s e  G a u s s  p o i n t s  f o r  l i n e  i n t e g r a t i o n  a l o n g  e a c h  s e g m e n t  off~;­
I n  a p p r o x i m a t i n g  b i l i n e a r  f i e l d s ,  i f  t h e  s h a p e  f u n c t i o n  i s  l i n e a r  o n  e a c h  s e g m e n t  o f  a  c e l l ' s  
b o u n d a r y ,  o n e  G a u s s  p o i n t  i s  s u f f i c i e n t  f o r  a n  e x a c t  i n t e g r a t i o n .  
1  
n b  (  0  0  N i ( x f ) n x  )  
- b  G  C  
B i  ( x c )  =  A c  L  0  - N i ( x 1 G ) n y  O c  l b ,  
b = l  0  - N i ( x b  ) n x  N i ( x b  ) n y  
( 3 . 8 )  
w h e r e  x f  a n d  l f  a r e  t h e  m i d p o i n t  ( G a u s s  p o i n t )  a~d t h e  l e n g t h  o f  r f ,  r e s p e c t i v e l y .  
T h e  s m o o t h e d  c u r v a t u r e s  l e a d  t o  h i g h  f l e x i b i l i t y  s u c h  a s  a r b i t r a r y  p o l y g o n a l  e l e m e n t s ,  a n d  
a  s l i g h t  c o m p u t a t i o n a l  c o s t  r e d u c t i o n .  T h e  e l e m e n t  i s  s u b d i v i d e d  i n t o  n c  n o n - o v e r l a p p i n g  
s u b - d o m a i n s  a l s o  c a l l e d  s m o o t h i n g  c e l l s .  F i g .  3  i s  t h e  e x a m p l e  o f  s u c h  a  d i v i s i o n  w i t h  n c  =  
1 ,  2 ,  3  a n d  4  c o r r e s p o n d i n g  t o  1 - s u b c e l l ,  2 - s u b c e l l ,  3 - s u b c e l l  a n d  4 - s u b c e l l  e l e m e n t s .  T h e n  
t h e  c u r v a t u r e  i s  s m o o t h e d  o v e r  e a c h  s u b - c e l l .  
N o w  w e  a p p r o x i m a t e  t h e  s h e a r  s t r a i n s  w i t h  i n d e p e n d e n t  i n t e r p o l a t i o n  f i e l d s  i n  t h e  
n a t u r a l  c o o r d i n a t e  s y s t e m .  I t  c o m e s  a s  f o l l o w s  [ 2 ] :  
[  
I x  ]  =  J - 1  [  _ : ; f .  ]  ,  
l y  l r i  
( 3 . 9 )  
w h e r e  
1  1  
' Y E , =  2 [ ( 1  - T / h f  +  ( 1  +  T l h f ] ,  I T J  =  2 [ ( 1  - ~h¢ +  ( 1  +  ~h~], ( 3 . 1 0 )  
w i t h  J  i s  t h e  J a c o b i a n  m a t r i x  a n d  t h e  m i d s i d e  n o d e s  A ,  B ,  C ,  D  a r e  g i v e n  i n  F i g .  l .  
P r e s e n t i n g  i f ,  i f  a n d  1 ¢ ,  I~ b a s e d  o n  t h e  d i s c r e t i z e d  f i e l d s  u h ,  w e  o b t a i n  t h e  s h e a r  
m a t r i x  i n  t h e  f o l l o w i n g  f o r m  
w h e r e  
B S =  J - 1  
i  
[  
N i , f .  
N i , T J  
- b f
2
N i , f .  
b
2 2 N ·  
- i  i , 1 ]  
b
1 1  
N i , f .  ]  
i  '  
b
2 1 N ·  
i  i , T J  
( 3 . 1 1 )  
1 1  M  b l 2  c  M  b 2 1  L  b 2 2  L  ( 3  1 2 )  
b i  =  ~ix,f,, i  =  i . , i Y , f ,  ,  i  =  T / i X , T J '  i  =  T / i Y , , , , ,  ·  
w i t h  ~i E  { - 1 ,  1 ,  1 ,  - 1 } ,  T / i  E  { - 1 ,  - 1 ,  1 ,  l }  a n d  ( i ,  M ,  L )  E  {  ( 1 ,  B ,  A ) ;  ( 2 ,  B ,  C ) ;  ( 3 ,  D ,  C ) ;  
( 4 , D , A ) }  
T h u s  t h e  s m o o t h e d  e l e m e n t  s t i f f n e s s  m a t r i x  c a n  b e  o b t a i n e d  a s  f o l l o w s :  
K  =  I ( b  + K
8
= f ( B b f C b B b A c + 1  ( B s ) T c s B s d n ,  ( 3 . 1 3 )  
C = l  f l •  
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Fig. 3. Division of an element into smoothing cells (nc) and the value of the shape 
function along the boundaries of cells: k-Subcell stands for the shape function of 
the MISCk element, k = 1, 2, 3, 4 
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where the shear term, K 8 is still computed by using 2 x 2 Gauss points while the element 
bending stiffness, Kb in Eq. (2 .11 ) is replaced by smoothed curvature technique on each 
wise-smoothing cell of the element. 
4. NUMERICAL RESULTS 
To coin four-node quadrilateral plate element with stabilized conforming nodal in-
tegration, we label to be MISCk (a Mixed Interpolation with Smoothed Curvatures for 
four-node quadrilateral Reissner- Mindlin plate element) - with smooth k E {1, 2, 3, 4} 
subcell on the bending terms. For instance, the MISCl element is the result of stabilized 
conforming nodal integration in which only one subcell is used to integrate the bend-
ing part of the element stiffness matrix. We also use the reduced/selective integration 
quadrilateral element (Q4-R) for comparison with the MITC4 and the MISCk elements. 
4.1. Patch test 
First we investigate the element behaviour with the patch test. This is a numerical 
technique to prove that the proposed method will or will not converge. A plate with 
five quadrilateral elements is given in Fig. 4. The boundary deflection is assumed to be 
2 0  N g u y e n  X u a n  H u n g ,  N g o  T h a n h  P h o n g  
w  =  ~(1 + x + 2 y  + x
2  
+ x y + y
2
)  [ 1 0 ] .  T h e  r e s u l t s  s h o w n  i n  T a b l e  1  e n j o y  t h a t  t h e  M I T C 4  
e l e m e n t  a n d  t h e  M I S C k  e l e m e n t  p a s s  t h e  p a t c h  t e s t  w h i l e  t h e  e l e m e n t  Q 4 - R  f a i l s .  A l s o ,  
n o t e  t h a t  t h e  e l e m e n t  Q 4  t h a t  u s e s  f u l l  n u m e r i c a l  i n t e g r a t i o n  o n  b o t h  b e n d i n g  a n d  s h e a r  
t e r m s  c a n n o t  p a s s  p a t c h  t e s t .  
s : l  
c : i  
y  
0 . 2 4  
1.--~~~~~~~~~~~~~~3 
8  
7  
6  
5 /  
2  x  
N o d e  c o o r d i n a t e s  
1  
0 . 0  0 . 0  
2  
0 . 2 4  0 . 0  
3  0 . 2 4  0 . 1 2  
4  
0 . 0  0 . 1 2  
5  
0 . 0 4  O . D 2  
6  
0 . 1 8  0 . 0 3  
7  
0 . 1 6  0 . 0 8  
8  
0 . 0 8  0 . 0 8  
F i g .  4 .  P a t c h  t e s t  o f  e l e m e n t s  
. : 1  
T a b l e  1 .  P a t c h  t e s t  
E l e m e n t  
W 5  
B x 5  
B y 5  m x 5  m y 5  
m x y 5  
Q 4 - R  0 . 5 4 4 0  1 . 0 3 5 8  - 0 . 6 7 6  
M I T C 4  0 . 5 4 1 4  1 . 0 4  - 0 . 5 5  - 0 . 0 1 1 1 1  - 0 . 0 1 1 1 1  - 0 . 0 0 3 3 3  
M I S C l  0 . 5 4 1 4  1 . 0 4  - 0 . 5 5  - 0 . 0 1 1 1 1  - 0 . 0 1 1 1 1  - 0 . 0 0 3 3 3  
M I S C 2  0 . 5 4 1 4  1 . 0 4  - 0 . 5 5  
- 0 . 0 1 1 1 1  
- 0 . 0 1 1 1 1  - 0 . 0 0 3 3 3  
M I S C 3  
0 . 5 4 1 4  
1 . 0 4  - 0 . 5 5  - 0 . 0 1 1 1 1  - 0 . 0 1 1 1 1  - 0 . 0 0 3 3 3  
M I S C 4  0 . 5 4 1 4  1 . 0 4  - 0 . 5 5  
- 0 . 0 1 1 1 1  
- 0 . 0 1 1 1 1  - 0 . 0 0 3 3 3  
E x a c t  0 . 5 4 1 4  
1 . 0 4  
- 0 . 5 5  - 0 . 0 1 1 1 1  - 0 . 0 1 1 1 1  
- 0 . 0 0 3 3 3  
- n o  c o n s t a n t  m o m e n t s  
4 . 2 .  A  s i m p l y  s u p p o r t e d  s q u a r e  p l a t e .  
A  s i m p l y  s u p p o r t e d  s q u a r e  p l a t e  i s  g i v e n  i n  F i g .  5  s u b j e c t e d  t o  a  u n i f o r m  l o a d .  T h e  
g e o m e t r y  a n d  m a t e r i a l  p a r a m e t e r s  a r e  g i v e n  a s  l e n g t h  L  =  1 0 ,  t h i c k n e s s  t  =  0 . 1 ,  Y o u n g ' s  
m o d u l u s  E  =  1 0 9 2 0 0 0 ,  P o i s s o n ' s  r a t i o  v  =  0 . 3  a n d  p  =  1 .  T h e  s e r i e s  s o l u t i o n  c o n s i d e r e d  
a s  a n a l y t i c a l  s o l u t i o n  o f  K i r c h h o f f  t h e o r y  i s  g i v e n  i n  [ 1 1 ] .  A l t h o u g h  a  s h e a r  c o r r e c t i o n  
f a c t o r  n o w  i s  c h o s e n  t o  b e  a  l a r g e  v a l u e  k  =  1 0 0 0  t h a t  t h e  f i n i t e  e l e m e n t  s o l u t i o n s  o f t e n  
c o n v e r g e  a g a i n s t  t h e  K i r c h h o f f  s o l u t i o n ,  t h e  c o n v e r g e n c e  b e h a v i o u r  o f  t h e  M I S C k  e l e m e n t s  
i n  t h i s  c a s e  i s  v e r y  g o o d  f o r  t h e  d e f l e c t i o n  a n d  t h e  b e n d i n g  m o m e n t ,  s e e  i n  F i g .  6 .  
4 . 3 .  R a z z a q u e ' s  s k e w  p l a t e  m o d e l  
A  r h o m b i c  p l a t e  w i t h  s k e w  a n g l e  6 0 °  s i m p l y  s u p p o r t e d  s o f t (  w  =  0 )  o n  t w o  o p p o s i t e  
e d g e s  a n d  f r e e  o n  t h e  r e m a i n d e r  t w o  e d g e s .  T h i s  p l a t e  w h i c h  w a s  o r i g i n a l l y  m e n t i o n e d  b y  
R a z z a q u e  [ 1 2 ]  s u b j e c t e d  t o  a  u n i f o r m  l o a d  p  =  1 .  P r o b l e m  m o d e l  a n d  i n i t i a l  m e s h  w i t h  
. .  
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Fig. 6. Normalized deflection and moment at center of simply support square 
plate subjected to uniform load 
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4 x 4 elements are illustrated in Fig. 7a. Data is given as follows: L = 100, t = 0.1 , E = 
1092000, v = 0.3. The results obtained in Table 2 show that the accuracy of the presented 
method is always better than that of the MITC4 element. 
- 5. CONCLUSION 
A quadrilateral plate element based the mixed interpolation with smoothed curvatures 
has been proposed. Except the MISCl element that exists two zero energy modes, the 
MISC2, MISC3 and MISC4 elements maintain a sufficient rank. Moreover all proposed 
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F i g .  7 .  A  s i m p l y  s u p p o r t e d  s k e w  p l a t e  s u b j e c t e d  t o  a  u n i f o r m  l o a d  
T a b l e  2 .  C e n t r a l  d e f l e c t i o n  a n d  m o m e n t  o f  t h e  R a z z a q u e ' s  s k e w  p l a t e  
M e s h  
M I T C 4  M I S C l  
M I S C 2  M I S C 3  M I S C 4  
( a )  C e n t r a l  d e f l e c t i o n  w c / 1 0
4  
2 x 2  
0 . 3 8 5 6  0 . 3 6 4 8  
0 . 3 7 4 1  0 . 3 7 8 1  
0 . 3 8 1 6  
4 x 4  
0 . 6 7 2 3  0 . 6 7 0 2  
0 . 6 7 2 5  
0 . 6 7 2 5  
0 . 6 7 2 4  
6 x 6  
0 . 7 3 5 7  
0 . 7 3 7 7  0 . 7 3 7 7  
0 . 7 3 7 0  
0 . 7 3 6 4  
8 x 8  
0 . 7 5 9 2  0 . 7 6 1 5  
0 . 7 6 1 0  0 . 7 6 0 4  
0 . 7 5 9 8  
1 2 x 1 2  
0 . 7 7 6 5  
0 . 7 7 8 1  0 . 7 7 7 6  
0 . 7 7 7 2  0 . 7 7 6 9  
1 6 x 1 6  
0 . 7 8 2 7  0 . 7 8 3 8  0 . 7 8 3 4  
0 . 7 8 3 2  0 . 7 8 3 0  
3 2 x 3 2  
0 . 7 8 8 8  
0 . 7 8 9 2  0 .  7 8 9 1  0 . 7 8 9 0  
0 . 7 8 8 9  
R e f e r e n c e  [ 1 2 ]  
0 . 7 9 4 5  
( b )  C e n t r a l  m o m e n t  M y / 1 0
3  
2 x 2  0 . 4 6 8 8  
0 . 4 6 8 8  0 . 4 6 8 8  0 . 4 6 8 8  0 . 4 6 8 8  
4 x 4  0 . 8 2 5 6  0 . 8 3 2 1  0 . 8 3 0 1  
0 . 8 2 8 4  0 . 8 2 6 9  
6 x 6  0 . 8 9 7 6  
0 . 9 0 2 0  0 . 9 0 0 5  0 . 8 9 9 4  
0 . 8 9 8 4  
8 x 8  0 . 9 2 4 2  0 . 9 2 7 2  0 . 9 2 6 0  0 . 9 2 5 4  
0 . 9 2 4 5  
1 2 x 1 2  0 . 9 4 3 9  0 . 9 4 5 4  0 . 9 4 4 8  0 . 9 4 4 5  0 . 9 4 4 2  
1 6 x 1 6  
0 . 9 5 1 0  0 . 9 5 1 8  0 . 9 5 1 5  0 . 9 5 1 3  0 . 9 5 1 1  
3 2 x 3 2  0 . 9 5 7 7  0 . 9 5 8 0  0 . 9 5 7 9  
0 . 9 5 7 8  0 . 9 5 7 8  
R e f e r e n c e  [  1 2 ]  
0 . 9 5 8 9  
e l e m e n t s  d o  n o t  e x h i b i t  s h e a r  l o c k i n g  i n  l i m i t a t i o n  o f  t h i n  p l a t e .  I t  i s  a l s o  s h o w n  t h a t  
t h e  M I S C k  e l e m e n t  p a s s e s  p a t c h  t e s t .  T h e  p r e s e n t  m e t h o d  g i v e s  a  s i m p l e  c o m p u t a t i o n  
a n d  g a i n s  t h e  s l i g h t l y  h i g h  a c c u r a c y .  T h r o u g h  ~umerical r e s u l t s  w e  c a n  p u r i f y  t h e  b e s t  
e l e m e n t  t h a t  i s  t h e  M I S C 2  e l e m e n t .  
A n o t h e r  a d v a n t a g e  o f  t h e  m e t h o d ,  e m a n a t i n g  f r o m  t h e  f a c t  t h a t  t h e  b e n d i n g  s t i f f n e s s  
m a t r i x  i s  i n t e g r a t e d  o n  e l e m e n t  b o u n d a r i e s  i n s t e a d  o f  o n  t h e i r  i n t e r i o r s  i s  t h a t  t h e  p r o p o s e d  
f o r m u l a t i o n  s t i l l  g i v e s  a c c u r a t e  a n d  c o n v e r g e n t  r e s u l t s  f o r  e x t r e m e l y  d i s t o r t e d  m e s h e s .  
O u r  r e s u l t s  o n l y  d e r i v e  f r o m  c o m p u t i n g  a  u n i f o r m  r e f i n e m e n t  o f  t h e  m e s h .  S i n g u l a r  
p r o b l e m s  s u c h  a s  a b o v e  s k e w  p l a t e  o r  c o r n e r  p l a t e  c o n s u m e  a  d e a l  o f  c o m p u t a t i o n a l  c o s t  
w i t h  u n i f o r m  m e s h e s  b e c a u s e  t h e  c o n v e r g e n c e  i s  s l o w .  T h e r e b y ;  a  s o u n d  k n o w l e d g e  i s  
l 
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Fig. 8. A distribution of von Mises and level lines for skew plate using MISC4 element 
necessary to generate finite element meshes based on cost-effective and accurate solutions. 
We thus should combine our method with an adaptive local refinement procedure in order 
to improve the cost effectiveness of the error bound evaluation. 
In addition to the above points, the authors believe that the curvature smoothing 
technique herein is seamlessly extendable to complex problems such as non-linear material 
and geometric problems, rid of shear locking in shell formulations . 
The above points will be treated in forthcoming papers. 
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